Black Hole Entropy production and Transport coefficients in Lovelock
  Gravity by Fairoos, C. et al.
ar
X
iv
:1
80
2.
00
17
7v
3 
 [g
r-q
c] 
 26
 Ju
n 2
01
8
Black Hole Entropy production and Transport coefficients in Lovelock Gravity
C. Fairoos,∗ Avirup Ghosh,† and Sudipta Sarkar‡
Indian Institute of Technology, Gandhinagar, 382355, Gujarat , India.
We study the entropy evolution of black holes in Lovelock gravity by formulating a thermodynamic
generalization of null Raychaudhuri equation. We show that the similarity between the expressions
of entropy change of the black hole horizon due to perturbation and that of a fluid, which is out of
equilibrium, transcends beyond general relativity to the Lovelock class of theories. Exploiting this
analogy we find that the shear and bulk viscosities for the black holes in Lovelock theories exactly
match with those obtained in the membrane paradigm and also from holographic considerations.
I. INTRODUCTION
The realization that black holes follow laws that are
similar to the laws of thermodynamics [1] and the discov-
ery that black holes can be endowed with a temperature
[2] and entropy [3] opened up an yet unanswered question
about the nature of the micro states of a black hole. It is
generally expected that a, still elusive, quantum theory
of gravity would account for such micro states. In the
absence of any such complete quantum theory of grav-
ity, one resorts to exploring alternative routes that give
an effective description of the underlying microscopic dy-
namics. For example, the membrane paradigm [4, 5] is an
effective description of the black hole physics, from the
point of view of an outside observer, in which one models
the black hole horizon by a membrane of a fictitious fluid
living on the horizon surface. The macroscopic transport
coefficients of the fluid are obtained from an intrinsic
quasi-local stress-energy tensor associated with the null
event horizon and are interpreted as quantities obtained
by coarse-graining of ‘some’ quantum theory describing
the micro states. This is similar in spirit to the under-
standing of transport coefficients of ordinary fluids from
statistical mechanics. The covariant conservation of the
fluid stress-energy tensor gives rise to the energy evolu-
tion equations, which when compared to the equations
for a relativistic fluid gives the analogous bulk and shear
viscosities of the horizon fluid [4–6].
In the case of fluids, one can proceed further and find
the evolution of another macroscopic quantity viz. the
entropy current. The entropy evolution equation for
physical systems is important in its own right owing to
the fact that an increase in entropy naturally defines a
thermodynamic arrow of time and brings forth the notion
of irreversibility. In the case of fluids, the irreversibility
is incorporated in Boltzmann’s assumption of molecular
chaos i.e the particles constituting the fluid are uncor-
related before a collision. Such a clear notion does not
exist for black holes and it is important to find out, to
what extent the analogy between the membrane fluids
and ordinary fluids hold at the phenomenological level.
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In other words, does the evolution of black hole entropy
has any correspondence to the well known fluid dynami-
cal picture? This is more or less known to hold for general
relativity but remains to be shown for other theories of
gravity. Though the conclusion is expected to be in the
affirmative, it turns out to be actually difficult to estab-
lish because of the following reason:
In fluid dynamics, non-equilibrium phenomenon can be
studied as a perturbation over a local or global equilib-
rium state described by an equilibrium density matrix or
a distribution function, using either the Chapman and
Enskog method or the moment method [7–9]. At each
perturbation order, one then arrives at improved contri-
butions to the evolution equations due to corrections to
the transport coefficients. it turns out that, in the Chap-
man and Enskog scheme, irreversible effects, determined
by the viscosities, arise at first order in the stress-energy
tensor of the fluid, while non zero contributions to en-
tropy production arise only at the second order or higher.
In the case of black holes, the approach taken to
study entropy evolution is to perturb an initial sta-
tionary black hole and find the evolution of an entropy
functional along a perturbed event horizon, in the spirit
of the physical process version of the first law [10–14].
Interestingly, even in this case, viscous effects do not
play a role at linear orders in perturbation. Hence the
algebraic complications of second order perturbations in
different extensions of general relativity seem inescapable
in order to check if the evolution is indeed similar to
that of a fluid. Apart from extending the membrane
analogy for black holes, it will also point out if the
perturbative expansion, in this case, is similar in spirit
to the Chapman Enskog scheme adapted to relativistic
fluid dynamics. Further, the precise correspondence
with the fluid picture will provide us with information
regarding the nature of the quantum theory describing
the black hole micro-states.
General relativity may only make sense as a Wilsonian
effective theory with new higher curvature terms in
the action. As a result, it is natural to enquire if this
fluid-like behavior of a black hole horizon transcends
beyond general relativity and valid for any diffeomor-
phism invariant metric theory of gravity. The first
law of black hole mechanics can be extended to all
diffeomorphism invariant theories and it is possible to
2write down an entropy associated with any stationary
event horizon. The physical process version of first
law which describes the evolution of the entropy of the
horizon has been studied for linearized perturbation
for various higher curvature theories [15–18]. Also, the
membrane paradigm has been generalized to all Lovelock
class of gravity theories [19, 20]. But, a major limitation
of all these studies is that they are limited to only
linear order of the horizon perturbations. To determine
the shear and bulk viscosity coefficients of the horizon
from the physical process law, we need to consider the
terms which are second order in perturbation. In GR,
the Raychaudhuri equation for the horizon generators
immediately provides us an evolution equation for
the Bekenstein-Hawking entropy. The shear and bulk
viscosity obtained from the area evolution in GR match
exactly with that of the membrane matter. If we want to
complete the fluid analogy of black holes beyond general
relativity, we need to perform the same calculation
for higher curvature theories. This would require a
thermodynamic generalization of the null Raychaudhuri
equation. In general relativity, the cross-sectional area
of the horizon is proportional to the entropy and we can
interpret the null Raychaudhuri equation as an entropy
evolution law. Although the Raychaudhuri equation is
a geometric result independent of the theory of gravity,
this thermodynamic interpretation breaks down in any
other metric theory of gravity for which the horizon
entropy is no longer proportional to the area. Therefore,
we should look for an equation which describes the
evolution of the entropy rather than the area.
In this work, we complete this calculation and show
that the ‘integrated entropy change’ of a dynamical black
hole along the perturbed event horizon for all Lovelock
class of theories in arbitrary dimensions is similar to
that of the entropy evolution for fluids. Moreover, we
show that the viscous coefficients obtained from this
relation are same as that obtained from the membrane
paradigm framework. This demonstrates that the fluid
description of black hole horizon transcends beyond
general relativity to a well-motivated class of higher
curvature theories.
II. GENERAL FRAMEWORK
The entropy functional of the black hole horizon can
be written in a general form,
S =
1
4G
∫
∂H
(1 + ρ)
√
h dD−2τ, (1)
where ∂H is a horizon cross-section, {τa} are the coordi-
nates and hab is the induced metric on ∂H. For general
relativity, we set ρ = 0.
The general framework involves taking the variation of
this function along the generators k of the horizon H.
Note that in arbitrary dimensions the cross sections of
the horizon may not be closed manifolds e.g black brane
like solutions. In such cases, we will assume that the
integration in τ ′s is over an open-ball in RD−2, so that
we can throw away certain total divergence terms. One
can choose the generators to be affinely parametrized by
the parameter λ (say). The change of entropy between
two cross-sections of the horizon is then given as,
∆S =
∫ f
i
Θ
√
hdλ dD−2τ, (2)
where, Θ represents the change of entropy per unit cross
sectional area and is defined as,
Θ =
1
4G
(
dρ
dλ
+ θ(k) + ρ θ(k)
)
(3)
In GR, Θ = θ
(k)
4G where θ
(k) is the expansion of the gen-
erators of the event horizon. For more general theories,
there is no such geometric interpretation. Doing an in-
tegration by parts, one arrives at an expression for the
change in entropy in terms of the second derivative of the
entropy functional,
∆S = [λΘ]
f
i −
∫ f
i
λ
(
dΘ
dλ
+ θ(k)Θ
) √
hdλ dD−2τ (4)
Note that if one integrates from the initial bifurcation
surface, where λ can be chosen to be zero, to a final
stationary black hole, where Θ is zero, the first term does
not contribute. This is the choice of initial and final
cross-sections we will be making throughout this paper.
However, for arbitrary choices of cross-sections, there is
an interpretation of this term in terms of the energy of
the membrane fluid [21]. The final expression for the
entropy change between an initial bifurcation surface to
final stationary cross-section is,
∆S = −
∫ f
i
λ
(
dΘ
dλ
+ θ(k)Θ
) √
h dλ dD−2τ (5)
In the next sections, we will use this equation and
evaluate the entropy change for various Lovelock class of
theories and try to make a connection with the entropy
evolution of a fluid.
III. EINSTEIN-GAUSS BONNET GRAVITY
Let us consider the simplest generalization of general
relativity: The Einstein Gauss Bonnet gravity where the
action is given as,
S =
1
16πG
∫ √−gR+
√−gα (R2 − 4RµνRµν +RµνρσRµνρσ︸ ︷︷ ︸
LGB
)
dDx (6)
3where α is a constant. The equations of motion that
follow from the above action are,
Gµν = αHµν + 8πGTµν , (7)
where Hµν = −2
(
RRµν − 2Rµ ρRρν − 2RρσRµρνσ +
Rµ
ρσαRνρσα
)
+ 12gµνLGB. The entropy of a dynam-
ical black hole in Gauss-Bonnet gravity is obtained by
fixing the Jacobson-Kang-Myers (JKM) ambiguities [22]
in Wald entropy [23, 24], by demanding that a local en-
tropy increase law holds at linear order in perturbation
from an initial stationary state and is given by [17],
S =
1
4G
∫
∂H
(1 + 2αR)
√
h d(D−2)τ, (8)
where R is the intrinsic Ricci scalar of the horizon cross-
sections. Here, we will be interested in finding the full
all order evolution of it along the generators of the dy-
namical event horizon. The complete expression for dΘ
dλ
is given by,
4G
dΘ
dλ
= − θ
(k)2
D − 2 − σ
(k)abσ
(k)
ab − 6α
(D − 4)θ(k)2R
(D − 2)2 − 2ασ
(k)abσ
(k)
ab R− 4α
(D − 8)θ(k)σ(k)abRab
(D − 2)
+8ασ(k)ac σ
(k)cbRab − 4αRfabp σ(k)abσ(k)pf
+2α
[
2
(
Dcβ
c
)(
K
(k)
ab K
(k)ab
)
− 4
(
Dcβ
b
)(
K
(k)
ab K
(k)ac
)
+ 2βcβcK
(k)
ab K
(k)ab − 4βcK(k)ab βbK(k)ac
]
+4α
[
2
(
Dbβf
)(
K(k)K
(k)
bf
)
− 2
(
Daβ
a
)(
K(k)
)2
+ 2habβcK(k)ac βbK
(k) − habβaβb(K(k))2
]
+4αRkk
(D − 3)(D − 4)θ(n)θ(k)
(D − 2)2 − 4αh
achbdRkckd
(D − 4)θ(k)σ(n)ab
D − 2 − 4αh
achbdRkckd
(D − 4)θ(n)σ(k)ab
D − 2
+8αhachbdRkckdσ
(k)
af σ
(n)f
b − 4αRkkσ(k)ab σ(n)ab − 8πGTkk + α (total derivatives)
(9)
To comprehend this formidable equation, let us first
spell out the notations. The horizon is generated by the
null vector kµ and the space-time metric has been de-
composed as gµν = hµν − kµnν − kνnµ where nµ is an
auxiliary null vector. Together kµ and nµ are the two
null normals of the horizon cross-section. θ(k) and σ
(k)
ab
are the expansion and shear of the horizon congruence
respectively. θ(n) and σ
(n)
ab are the same for the null con-
gruence generated by nµ. K
(i)
ab is the extrinsic curvature
of the horizon cross section w.r.t the null normal i = k, n.
We have also used the notations Rkckd = Rµcρdk
µkρ,
βa = −nµ∇akµ etc. Setting α = 0, we will obtain
the familiar null Raychaudhuri equation. Otherwise, this
equation is the thermodynamics generalization of the null
Raychaudhuri equation 1. The expansion and shear of
the horizon generators i.e. θ(k) and σ
(k)
ab vanish on the
background stationary horizon and therefore are at least
linear order in perturbation. But, the expansion of the
auxiliary null vector θ(n) is non zero even on the station-
ary horizon. The total derivative terms involve spacial
derivative of the extrinsic curvatures and are second or-
der in perturbation. If we consider only the terms linear
1 For a different approach to study Raychaudhuri equation in
higher curvature gravity, see [25].
in perturbation, we would obtain:
dΘ
dλ
= −2π Tkk +O(ǫ2) (10)
This is the equation which will give us the linearized
version of the physical process law which ensures that
if the null energy condition (Tµνk
µkν ≥ 0) holds, the
entropy always increases [15–18]. It is intriguing that
the linearized version of the entropy evolution equation
for Einstein-Gauss-Bonnet gravity is identical in form
with the linearized Raychaudhuri equation even though
the entropy density and the equation of motion now
contain non-trivial corrections.
The full equation will give an exact expression of the
change of horizon entropy. We would like to apply this
equation to understand the full evolution of horizon en-
tropy. Due to the complex structure of the terms, it
is difficult to obtain any conclusion in general. So, to
make sense of this equation, we will now specialize in
the case of general second order perturbations about a
static black hole background with maximally symmetric
horizon cross-section. This choice fulfills our purpose to
separate out the dissipative bulk and shear viscous coef-
ficients. Note that, we keep the perturbation completely
arbitrary. We will consider changes of the entropy from
the initial bifurcation surface to the final stationary cross-
4section. Then, in this order by order in θ(k) and σ
(k)
ab
calculation, we will obtain followings up to second order:
κH
2π
∆(1)S =
∫ f
i
1
Tµνξ
νdΣµ (11)
κH
2π
∆(2)S = 1
16πG
∫ f
i
[
− 2θ(k)2
(
D − 3
D − 2
)(
1− 4α(D − 4)κH
rH
+
2α
0R(D − 4)(D − 5)
(D − 2)(D − 3)
)
+ 2σ(k)2
(
1− 4α(D − 4)κH
rH
+
2α
0R(D − 4)(D − 5)
(D − 2)(D − 3)
)]√
hd(D−2)τ dt
+
∫ f
i
1
Tµν ξ˜νdΣ
µ +
∫ f
i
2
Tµνξ
νdΣµ, (12)
The superscripts in the expression refer to the or-
der of perturbation and κH , rH are the surface grav-
ity and radius of the background horizon, respectively.
For maximally symmetric background one has
0Rabcd =
0
R
(D−2)(D−3) (
0
hac
0
hbd −
0
hbc
0
had). Moreover, on the back-
ground the β′as can be set to zero. To understand the or-
dering, let us assume that the background Killing vector
ξµ (∂t) is fixed while the null generators of the perturbed
horizon get modified at each order such that,
k =
0
k +
1
k + ..., (13)
where
0
k =
0
fξ +
0
V,
1
k =
1
fξ +
1
V, (14)
and so on. V ′s are vectors tangent to the cross-sections of
the horizon. The functions f ′s and vectors V ′s are given
as
(0)
f = 1/κ
0
λ,
0
V = 0, while
1
f,
(1)
V are determined by the
perturbation. The parameter t along ξ, to zeroth order, is
t = log
0
λ
κH
. For a maximally symmetric static background
we also have θ(n) = − (D−2)κH
rH
0
λ. Writing Rkk, Rkckd in
terms of derivatives of the extrinsic curvature, one arrives
at the κH dependent terms. Further, Tµν in general have
all orders. Hence we can expand it as,
Tµν =
0
Tµν +
1
Tµν +
2
Tµν + ..., (15)
where
(0)
Tµν is the background stress energy tensor which
satisfies the condition
(0)
Tkk = 0 so that there is no
flux though the background stationary horizon. Using
this expression, one can arrange the Tµν terms as
in (eq.11). Note that ξ˜ is a combination of f ′s, k′s
and V ′s and θ(k) and σ
(k)
ab are now the expansion and
shear for the non-affinely parametrized null geodesics (ξ).
The first expression is the usual first-order expression
for the physical process version of the first law. If
we identify κH2pi as the Hawking temperature (TH) of
the background stationary horizon, this reduces to
TH∆
(1)S = ∆(1)Q. This is the Clausius relationship
which shows that in the linear order, the entire change
of entropy is due to the external heat flux. There is no
dissipation or entropy production in this order and the
entire first order heat flux is balanced by the change the
entropy of the horizon.
The more interesting one is the second equation. The
terms in this equation represent viscous effects namely
the entropy production due to the bulk and shear viscosi-
ties. If one compares the contribution to this equation
coming from viscous flow,
κH
2π
∆(2)S =
∫ f
i
[
ζθ(k)2 + 2ησ(k)2
]√
hdD−2τ dt
+ ∆Q, (16)
then one can read off the bulk and the shear viscosities
as,
η =
1
16πG
(
1− 4α(D − 4)κH
rH
+
2α
0R(D − 4)(D − 5)
(D − 3)(D − 2)
)
,
ζ = −2
(
D − 3
D − 2
)
η. (17)
The general relativity limit can be easily obtained by
setting α = 0. So the thermodynamic generalization
of the Raychaudhuri equation for Einstein gauss Bon-
net gravity gives us exactly the same structure of the
entropy change as in general relativity in the second or-
der with a corrected expression of shear and bulk vis-
cosities. The viscosity contributes to the entropy pro-
duction only at the second order of perturbation. Note
that, these were previously calculated in the framework
of membrane paradigm [19], and remarkably our result
exactly matches with the expression in [19].
If the background is a D dimensional black brane solu-
tion with cosmological constant Λ = −(D−1)(D−2)/L2,
the ratio of this shear viscosity and entropy density s
would be
η
s
=
1
4π
(
1− 2α(D − 1)(D − 4)
L2
)
. (18)
5This result has been obtained previously in [26] in the
AdS/CFT context, for the dual fluid residing on the AdS
boundary. As is evident from the above expression, the
Kovtun-Starinets-Son (KSS) bound, η
s
≥ 14pi , [27] is vi-
olated for α > 0. Causality constraints in the bulk and
energy positivity in the dual CFT do impose constraints
on the allowed range of Gauss Bonnet coupling α [28], but
there is still a window for the values of α for which the
KSS bound is violated although all the other constraints
are satisfied. The study of perturbation of the fluid on
the AdS boundary of a black brane solution in Einstein-
Gauss-Bonnet Gravity [29] also leads to the same ex-
pression. Interestingly, the dynamics of the horizon fluid
produces the same expression for the shear viscosity to
entropy density ratio.
IV. LOVELOCK GRAVITY
Let us now discuss the extension of this result to the
full Lovelock gravity. The Lovelock class of Lagrangians
are the unique extension of the Einstein Hilbert action,
involving higher curvature interactions, that yields equa-
tions of motion which are of second degree in derivatives
of gµν . The horizon entropy density obtained after fixing
the JKM ambiguities (using the linearized second law) is
given by (eq. 1) with ρ given by [30],
ρ =
( D−12∑
m=2
16πGmαm
D−2Lm−1
)
, (19)
where D−2Lm−1 is the (m − 1) − th order Lovelock La-
grangian evaluated with the intrinsic Riemann tensor
Rabcd. In the above expression the Einstein-Hilbert part
corresponds to m = 1 and is not included in the sum.
The second variation of the above entropy has the following form,
δ2kS =
1
4G
∫
dD−2x
[√
h
(
− θ
(k)2
D − 2 − σ
2 −Rkk
)(
1 +
D−1
2∑
m=2
16πGmαm
D−2Lm−1
)
+2 θ(k)
√
h
( D−12∑
m=2
32πGmαm
D−2
R
ab
m−1K
(k)
ab
)
+ θ(k)2
√
h
(
1 +
D−1
2∑
m=2
16πGmαm
D−2Lm−1
)
+
√
h
( D−1
2∑
m=2
32πGmαmδk
(
D−2
R
ab
m−1
)
K
(k)
ab
)
+
√
h
( D−1
2∑
m=2
32πGmαm
D−2
R
ab
m−1
)(
−K(k)ac K(k)cb +Rkakb
)]
,
(20)
where the notation D−2Rab in the above expression has been introduced for convenience and is given as,
D−2
R
a
(m−1) b =
1
2× 16πG
m− 1
2m−1
δ
a1b1a2b2....am−1bm−1
bd1c2d2....cm−1dm−1
Rad1a1b1Rc2d2a2b2 ...R
am−1bm−1
cm−1dm−1
= D−2Ea(m−1) b +
1
2
δa b
D−2Lm−1, (21)
where D−2Ea(m−1) b is the (m− 1) th order Lovelock equations of motion in (D − 2) dimensions.
There are large number of algebraic steps that one has
to go through. We merely state the expressions used and
steps, here. The Rkk term in eq. (20) is replaced using
the equations of motion. On using the Gauss’ equation
(A2) the expression for Rkk reads,
−Rkk + 8πG Tkk =
D−1
2∑
m=2
−2mαm
2m
δ
ba1b1...am−1bm−1
dc1d1...cm−1dm−1
Rndkb
m−1∑
k=0
m−1Ck (KK)
c1d1
a1b1
...(KK)ckdkakbk︸ ︷︷ ︸
k−terms
Rck+1dk+1ak+1bk+1 ...R
cm−1dm−1
am−1bm−1
+
D−1
2∑
m=2
2m(m− 1)αm
2m
δ
bcfa1b1...am−2bm−2
adec1d1...cm−2dm−2
Rnabc R
de
kf ×
m−2∑
k=0
m−2Ck (KK)
c1d1
a1b1
...(KK)ckdkakbk︸ ︷︷ ︸
k−terms
Rck+1dk+1ak+1bk+1 ...R
cm−2dm−2
am−2bm−2
,
(22)
6where (KK)cdab = h
cehdf
(
KµaeKµbf −KµafKµbe
)
is a product of extrinsic curvatures as it appears in Gauss’ equation
eq. (A2). Also, it should be noted that,
Rkakb
(
− 12hab
∑D−1
2
m=2 32πGmαm
D−2Lm−1 +
∑D−1
2
m=2 32πGmαm
D−2Rabm−1
)
= Rkakch
bc
∑D−1
2
m=2
2mαm
2m δ
aa1b1...am−1bm−1
bc1d1...cm−1dm−1
Rc1d1a1b1 ...R
cm−1dm−1
am−1bm−1
(23)
Further the Rnabc R
de
kf in eq. (22) is replaced using Codazzi’s equation eq. (A3). Finally, the Kabδk
(
D−2Rabm−1
)
term
has the following form.
D−1
2∑
m=2
32πGmαm2K
(k)
ab K
(k)bc D−2
R
a
(m−1)c +K
(k)
( D−12∑
m=2
32πGmαm
D−2
R
ab
m−1K
(k)
ab
)
+
D−1
2∑
m=2
4mαmK
(k)b
a
(m− 1)
2m
δ
aa1b1a2b2...am−1bm−1
bc1d1c2d2...cm−1dm−1
hd1fhc1pDa1
(
DfK
(k)
b1p
−DpK(k)b1f
)
×Rc2d2a2b2 ...R
cm−1dm−1
am−1bm−1
+
D−1
2∑
m=2
4mαmK
(k)b
a
(m− 1)
2m
δ
aa1b1a2b2...am−1bm−1
bc1d1c2d2...cm−1dm−1
K(k)d1fRc1 fa1b1Rc2d2a2b2 ...R
cm−1dm−1
am−1bm−1
(24)
Using these one can get an expression for δ2kS to complete
generality, as in the case of Gauss-Bonnet gravity. The
results will not be quoted here, rather we will directly
take the second order perturbation approximation about
a maximally symmetric stationary Black hole solution.
Therefore terms which are at most quadratic in θ(k) and
σ
(k)
ab are retained and the rest are substituted by values
they take on the background, by using eq. (A4). Finally
Rndkb is replaced using eq. (A1) and a total λ derivative ex-
tracted. Following the steps outlined in sec. II one then
gets an analogous expression for entropy change upto sec-
ond order,
∆S =
[
V
√
h
]f
i
+ 2π
∫ f
i
[
ζθ(k)2 + 2ησ(k)2 + Tkk
]
×
√
h dD−2τ λdλ,(25)
where V is some function of the geometric quantities
at hand and η, ζ are given by,
η =
D−1
2∑
m=1
αmm
(
1
D − 2 +
2(m− 1)
(D − 2)(D − 3)
− 2κH
rH
0R
(m− 1)
)
(D − 2m) D−2 0Lm−1,
ζ = −2
(
D − 3
D − 2
)
η, (26)
As is the case with Gauss Bonnet gravity, the recovery
of the entropy production equation eq. (11), now,
crucially depends on the fact that V is zero both at the
final stationary state and the initial bifurcation surface.
As is evident from eq. (25), the transport coefficients
thus obtained again match with those obtained in the
membrane paradigm picture [20].
V. DISCUSSION
In general relativity, it is well known that the bulk vis-
cosity coefficient for black hole horizon is negative. This
is a consequence of the teleological nature of the event
horizon and the use of future boundary condition. Note
that, even in standard thermodynamics, there is a close
connection between the assumption of causality and the
second law of thermodynamics. The requirement of the
validity of the second law of thermodynamics with future
“acausal” boundary condition requires opposite sign
for the viscosity coefficient [31]. Our result shows that
this interpretation holds for the entire Lovelock class of
theories and the bulk viscosity is always of opposite sign
of shear viscosity coefficient. In fact, the ratio of the
bulk to the shear viscosity coefficients is identical for
all Lovelock orders. Mathematically, this is due to the
fact that for perturbations of a maximally symmetric
horizon, the change of the generalized expansion Θ is
proportional to the change of the geometric expansion.
Since the coefficient of the dissipation terms in original
Raychaudhuri equation bears the same ratio, we are
also obtaining the identical ratio for the bulk and shear
viscosities 2 . It would be nice if the universality of this
ratio can be understood from the microscopic point of
view.
We would also like to mention the result of [32], where
it is shown that for any value of the higher curvature
coupling, the causality can be violated by constructing a
closed time like curve involving two shock waves. At this
2 We thank Ted Jacobson for this observation.
7stage, the implication of that result for entropy evolution
is not very clear.
Eq.( 9) contains the full expression of the change of
entropy density of the horizon due to the perturbations.
It is important to note that this equation is obtained
without any assumption on the nature of the perturba-
tions. In principle, this equation can be used to find out
whether a generalization of the Hawking area theorem
can be established for the the Lovelock class of theories.
This may be done by using a future boundary condition
Θ → 0 in the asymptotic future and then by establish-
ing that dΘ/dλ < 0 for matter satisfying an appropriate
energy condition. We already know that the increase of
entropy for Einstein gauss Bonnet theory requires certain
bound on the coupling constant even when we consider
only spherically symmetric perturbation [18]. Also, for
generic case, the entropy evolution equation will contain
terms which would represent the coupling of viscous dis-
sipations with the background curvature. In fact, there
could be terms which are higher order in perturbation.
So, to fully understand the entropy evolution equation,
we would require many more transport coefficients. This
is evident from the expressions obtained here prior to
simplification made by assuming a maximally symmet-
ric black hole background. Therefore the dynamics of
black hole horizons in higher curvature gravity seems to
be similar to higher order hydrodynamics. Obviously,
a generalization of our results to other higher curvature
theories will provide a better understanding about this
intriguing relationship.
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Appendix A: Identities used in the calculations
Evolution equation for Extrinsic curvature
For affinely parametrized k i,e ∇kk = 0,
δkK
(k)
ab =
d
dλ
K
(k)
ab = −K(k)ac K(k)cb +Rkakb (A1)
Equation of Gauss
The Gauss Eq. is given by,
Rabcd = Rabcd +KµacKµbd −KµadKµbc (A2)
Equation of Codazzi
The Codazzi Eq. is,
Rkabc = DbK
(k)
ac −DcK(k)ab + βcK(k)ab − βbK(k)ac , (A3)
where βa = −nµ∇akµ.
Identities for maximally symmetric background
We have used the followings:
D−2Eabm−1 = −
hab
2
D − 2m
D − 2
D−2Lm−1,
δ
aa1b1a2b2......am−1bm−1
bc1d1c2d2......cm−1dm−1
Rc2d2a2b2 ......R
cm−1dm−1
am−1bm−1
=
16πG2m−2(D − 2m)D−2Lm−1
(D − 2)R δ
aa1b1
bc1d1
.
(A4)
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